Hydrodynamic long-time tails after a quantum quench by Lux, Jonathan et al.
Hydrodynamic long-time tails after a quantum quench
Jonathan Lux1,∗ Jan Mu¨ller1, Aditi Mitra1,2, and Achim Rosch1
1 Institut fu¨r Theoretische Physik, Universita¨t zu Ko¨ln, D-50937 Cologne, Germany
2 Department of Physics, New York University, 4 Washington Place, New York, NY 10003, USA
(Dated: July 10, 2018)
After a quantum quench, a sudden change of parameters, generic many particle quantum systems
are expected to equilibrate. A few collisions of quasiparticles are usually sufficient to establish
approximately local equilibrium. Reaching global equilibrium is, however, much more difficult as
conserved quantities have to be transported for long distances to build up a pattern of fluctuations
characteristic for equilibrium. Here we investigate the quantum quench of the one-dimensional
bosonic Hubbard model from infinite to finite interaction strength U using semiclassical methods for
weak, and exact diagonalization for strong quenches. Equilibrium is approached only slowly, as t−1/2
with subleading corrections proportional to t−3/4, consistent with predictions from hydrodynamics.
We show that these long-time tails determine the relaxation of a wide range of physical observables.
PACS numbers: 73.43.Cd,72.25.-b,72.80.-r
States at thermal equilibrium can be described with
only a few macroscopic parameters like temperature, T ,
and chemical potential, µ. The fundamental question of
how such an equilibrium state can be reached for a in-
teracting quantum system has recently gained a lot of
attention [1–8], partially due to new experimental op-
portunities to study this question using ultracold atoms.
They allow to realize simple model Hamiltonians and to
change their parameters practically instantaneously to
study thermalization in a closed quantum system with
unprecedented precision and control.
In a typical quantum quench experiment, one consid-
ers the evolution of the ground-state wave function, |Ψ0〉,
of an initial Hamiltonian, H0, after a sudden change
of the Hamiltonian, H0 → H. The time evolution,
|Ψ(t)〉 = e−iHt|Ψ0〉, of a many-particle system occurs
generically in three main steps: prethermalization, local
equilibration, and global equilibration. First the wave
function starts to adjust to the new Hamiltonian [4, 9]
on a short time scale. After this, often a quasi-stationary
‘prethermalized’ state is obtained [10–13], where quasi-
particles have been formed but not yet scattered with
each other. Sometimes coherent oscillations characterize
this regime for large quenches [14–16]. In a second step,
a few scattering processes of the excitation are often suf-
ficient to achieve approximately a local equilibrium state.
This can, for example, be captured within a kinetic equa-
tion approach [17–19]. Finally the third step, the buildup
of a global equilibrium after a quantum quench, has re-
ceived probably the least attention and will be the focus
of this paper. It is dominated by the diffusive transport of
conserved quantities, like matter or energy, over large dis-
tances. It therefore leads to pronounced long-time tails,
well known from hydrodynamics.
Two situations have to be distinguished when studying
hydrodynamic long-time tails after a quantum quench:
homogeneous and inhomogeneous systems. For example,
if the relaxation of ultracold atoms in a trap is consid-
FIG. 1. After a quench and subsequent thermalization, the
amplitude of local fluctuations of for example the energy den-
sity, changes. As energy has to be transported diffusively
over large distances to build up the new pattern of fluctu-
ations, equilibration takes long times resulting in hydrody-
namic long-time tails.
ered, in general the spatial distribution of, e.g., the en-
ergy will be different before and after the quench. This
implies that energy has to be transported over large dis-
tances of the order of the size L of the system [20, 21].
If this transport is diffusive, this takes a very long time,
L2/D, where D is a diffusion constant. In Ref. [20] this
effect was studied quantitatively for weakly interacting
fermions released from a trap. Perhaps more surprisingly,
conservation laws and diffusion lead also to extremely
slow relaxation in translationally invariant systems stud-
ied in the following. Here it is important to realize that
any classical or quantum state is characterized by a pat-
tern of fluctuations. Consider, for example, fluctuations
of the energy density, δe = e−〈e〉, in a system at T > 0,
where correlations decay on a finite length scale lc. In
equilibrium and on length scales large compared to lc,
they can be described by the equal-time correlation func-
tion
〈δe(r)δe(r′)〉eq ≈ cv kBT 2 δ(r − r′) (1)
where cv = (〈H2〉 − 〈H〉2)/(V kBT 2) is the specific heat
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2per volume. During equilibration, the system has to build
up this fluctuation pattern, see Fig. 1. If only energy
is conserved, one can describe the equilibration at long
times by a stochastic linearized diffusion equation
∂te−D∇2e = ∇f (2)
where 〈f(r, t)f(r′, t′)〉eq = 2DcvT 2δ(r − r′)δ(t− t′). As
discussed in the supplementary material [22], one obtains
from a straightforward solution of this equation in d spa-
tial dimensions
〈δe(r, t)δe(r′, t)〉−〈δe(r)δe(r′)〉eq ∼ t− d2 +O
(
t−
3d
4
)
(3)
for |~r − ~r′|2  Dt. A simple scaling analysis using Eq.
(2) as a fixed point, see supplement [22], shows that cor-
rection terms [23] to Eq. (2), like ∂x(e∂xe), lead to cor-
rections vanishing with 1/t3d/4. The same results are
obtained when additional diffusive modes (e.g., particle
density n) are included. The situation is, however, dif-
ferent in systems with momentum conservation. In this
case the momentum current (i.e., the pressure) has con-
tributions proportional to (δe)2 and (δn)2. These are
relevant perturbation in dimensions d < 2, described by
the KPZ universality class [24–27] in d = 1. In this case
one expects that some modes relax with 1/t2/3 instead
of 1/t1/2 as observed numerically [28].
In this paper we will study a quantum quench in a
lattice model without momentum conservation. We con-
sider the 1d bosonic Hubbard model
H = −J
∑
i
a†iai+1 + h.c.+
U
2
∑
i
ni(ni − 1) (4)
after a sudden quench from an initial state at U = ∞
where ni = a
†
iai = 1 to a state with finite U .
We have chosen this model for four reasons: (i) The
bosonic Hubbard model is probably the many-particle
model best suited for experimental quench studies using
ultracold atoms [7, 8, 29], (ii) long-time tails are most
pronounced in 1d, (iii) the 1d case is especially suited for
numerical studies, and, finally, (iv) in contrast to many
other simple 1d models, the bosonic Hubbard model is
not close to an integrable point: the dominant excitations
of the bosonic Mott insulator, doublons and holons, have
a different dispersion and can therefore equilibrate by
simple two-particle collisions [30].
We first consider a weak quench from U = ∞ to
a finite but large U  J . In this limit a dilute gas
of quasiparticles, holons (empty sites) with dispersion
hk ≈ −2J cos k and doublons (doubly occupied sites)
with energy dk ≈ −4J cos k are created. As their av-
erage distance ρ−1 = 1/4 (U/J)2 [31] is much larger than
their typical wavelength, a simple quasi-classical treat-
ment of their dynamics is possible following Sachdev and
Damle [32]. This approach was recently applied to quan-
tum quenches in an integrable system in Ref. [33] and to
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FIG. 2. Doublon momentum distribution function for times
t = 0, 1, 2, 3, 4, 5, 10, 20 τdh after the quench, where τdh is the
doublon-holon scattering time, and ρ = 4(J/U)2 is the dou-
blon density. For t → ∞ an equilibrium state at T = ∞ is
approached where all momenta are equally occupied.
short time dynamics in Ref. [31]. While the motion of
the quasi-particles can be treated classically, their cre-
ation and scattering is a quantum mechanical process.
To describe relaxation to equilibrium after the quench,
we first calculate the probability, pk = 8 (J/U)
2 sin2 k =
ρ (1− cos(2k)), that a doublon-holon pair with momenta
k and −k is created at a given site. This probability
is used to create at t = 0 an ensemble of doublons and
holons moving with the velocity ∂k
d
k and ∂k
h
k , respec-
tively. This allows to determine position and time of the
next scattering event. Doublon-doublon and holon-holon
scattering has no effect (as only the momenta of the two
particles are exchanged), while the scattering of holons
and doublons leads to relaxation. To leading order in
U  J the reflection probability is 1 and the new mo-
menta after scattering can just be calculated from energy
and lattice-momentum conservation. Repeating this pro-
cedure, we track the motion of about 105 quasiparticles
for long times and, furthermore, average over 500 ensem-
bles. Correlation functions obtained by this semiclassical
dynamics are expected to give the corresponding quan-
tum mechanical correlation functions for U  J [32].
Related models of hard-core particles moving in 1d have
also been simulated, e.g., in Ref. [28, 34, 35] to study
thermal transport. In contrast to our case, however,
quadratic dispersions and momentum conservation was
used. We have also implemented a version which takes
into account the finite tunneling probability of doublons
and holons of order (J/U)2, but as qualitatively similar
results have been obtained in this case, we only show
results for vanishing tunneling rate in the following.
In Fig. 2 we show how the momentum distribution of
doublons gets flatter and flatter as a function of time. As
the initial total kinetic energy is on average zero, the sys-
tem relaxes towards an equilibrium state at T =∞. For
all semiclassical plots we measure the timescale in units
3of τdh ≈ 0.031U2/J3 = 0.123ρ−1/J , the doublon-holon
scattering time (obtained by dividing the simulated time
by the total number of doublon-holon scattering events
and the number of doublons). In these units, all semi-
classical results are completely independent of U/J .
Note that the semiclassical approach does not contain
extremely rare processes where a holon/doublon pair is
created or annihilated by converting the kinetic energy
of a large number of quasiparticles (of order U/J) into
interaction energy in a complicated process [36]. We will
not consider the exponentially (in U/J) long time scales
[36] where these processes become important and which
ultimately lead to an equilibrium state with J  T <∞.
While we will argue that hydrodynamic long time tails
generically govern the relaxation of most physical observ-
ables for t → ∞, we find that they are much more pro-
nounced in some observables. We obtain the most pro-
nounced long-time times for the correlation functions
Tn(t) = 〈cos ki(t) cos ki+n(t)〉 (5)
describing the energy-energy correlation function of par-
ticle i and particle i+n (we numerate the particles from
left to right). Within a simple Boltzmann equation treat-
ment of the problem (see supplement [22]), this quantity
vanishes. The solid line in Fig. 3a shows a fit to T1(t) of
the form c1/t
1/2 + c2/t
3/4 consistent with Eq. (3). Note
that it is mandatory to include subleading corrections to
the fit as those are only suppressed by relative factors of
1/t1/4. From a simple power-law fit, ct−α (dashed line),
one obtains α ≈ 0.67 which describes the numerical data
equally well. While this exponent is reminiscent of the
2/3 expected for the KPZ universality class, we believe
that this agreement is only accidental as strong Umklapp
scattering relaxes the current rapidly inconsistent with
the KPZ universality class, see above. At least three or-
ders of magnitude longer simulations are needed to be
able to distinguish numerically the different asymptotic
behavior. A similar discussion of an equilibrium correla-
tion function is given in the supplement [22].
To investigate, how the hydrodynamic correlations
spread in space, we show in Fig. 3c a scaling plot of√
tTn(t) as a function of n/
√
t at different times. The
approximate scaling collapse for long times shows that
the information spreads diffusively, n ∼ √t. From lin-
ear hydrodynamics, Eq. (2), one can easily calculate the
scaling function [22]
Tn(t) ∼ 1√
t
exp(− n
2
8D˜et/τdh
) (6)
While the prefactor, depending on details of the quench,
is unknown, the energy diffusion constant D˜e =
Deτdhρ
2 ≈ 0.91 can be calculated from the Kubo for-
mula evaluated at thermal equilibrium. The thick black
line in Fig. 3c shows that the analytic formula describes
the data quantitatively. This shows that indeed linear
hydrodynamics governs the buildup of long-time tails.
FIG. 3. a) The decay of the energy-energy correlation func-
tion of nearest neighbor quasiparticles is very slow in time
and consistent with hydrodynamic predictions. b) Expecta-
tion value of − cos(2k) for doublons (blue) and holons (green).
Initially these quantities decay approximately exponentially
in a few collisions. At long times, however, a hydrodynamic
long-time tail is visible. The solid lines are quantitative pre-
dictions of these long-time tails, obtained from the fit to the
upper plot using Eq. (9). c) Scaling plot of Tn, Eq. (5). The
thick line is Eq. 6 with De evaluated from the Kubo formula.
When investigating the relaxation of the momentum
distribution, such long-time tails are much more difficult
to detect. In Fig. 3b, we show the expectation value of
cos(2k) for doublons and holons
T d/h(t) = 〈cos(2kd/hi )〉 (7)
where the expectation value is determined by summing
only over doublon or holon momenta, respectively. Up to
a normalizing factor, this is the dominant Fourier com-
ponent of the distribution function shown in Fig. 3b.
As cos2 k = (1 + cos 2k)/2, it is also directly related
to the square of the kinetic energy of each particle. At
4first, T d/h decays exponentially on time scales consistent
with predictions from the Boltzmann equation [22]. For
t & 25 τdh, however, a small but finite long-time tail dom-
inates the relaxation.
The relative prefactors of the long-time tail in various
physical quantities are related to each other as they arise
from the same hydrodynamic modes. To predict ana-
lytically how the prefactors are related, we recall their
physical origin: after a local equilibrium has been es-
tablished, it takes a long time to establish globally the
characteristic fluctuations of the conserved densities. We
therefore investigate first how in thermal equilibrium the
observables T1,eq, T
d
eq and T
h
eq depend on the densities
nd, nh and the energy per particle , using that in the
semiclassical limit the distribution functions are given
by n
d/h
k = zd/he
−βd/hk , where the fugacities zd, zh and
β = 1/T are functions of nd, nh and  . In the considered
semiclassical limit T1,eq, T
d
eq and T
h
eq are independent of
nd and nh, so that we obtain in equilibrium to leading
order in 
T1,eq ≈ 17
200
( 
J
)2
T deq ≈
16
200
( 
J
)2
, Theq ≈
4
200
( 
J
)2
(8)
As  = 0 on average, the above determined prefactors
describe how sensitive the observables are to fluctuations
of the energy. This allows to predict that
T d =
16
17
T1, T
h =
4
17
T1 for t→∞ (9)
fully consistent with our numerical results, as shown by
the solid lines in Fig. 3.
The semiclassical approach discussed above breaks
down for strong quenches when U ∼ J . In this regime
we have used the ALPS code [37] for brute-force exact
diagonalization of small systems (excluding bosonic oc-
cupations ≥ 3 [22]) to investigate the relaxation to equi-
librium. Even for this fully quantum mechanical calcu-
lation we obtain strong evidence of hydrodynamic long-
time tails, see Fig. 4. The clearest signature is obtained
for the nearest-neighbor correlation function of doubly
occupied sites, Fig. 4b, which is one contribution to the
energy-energy correlation function. But also the number
of doubly occupied sites (Fig. 4a), which can directly be
measured experimentally [36], shows pronounced long-
time tails. From the numerical results for such small sys-
tems it is impossible to extract any exponents as shown
by the various fits in Fig. 4.
It is surprising that the slow relaxation is so pro-
nounced already in 14-sites systems: often finite size ef-
fects dominate for such small systems and long times.
Here it helps that diffusive transport is much slower than
ballistic transport. The typical time scale associated
with diffusive transport over N sites scales with N2. As
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FIG. 4. Time dependence of the density of doubly occupied
sites , 〈dˆi〉 = 〈ni(ni − 1)〉/2, and of their nearest-neighbor
correlation function, −〈dˆidˆi+1〉 + 〈dˆi〉2 obtained from exact
diagonalization of a 14 site system after a quench from U =∞
to U = J . The straight solid line denotes the infinite-time
average (obtained from the diagonal ensemble).
142 = 196, it is not surprising that diffusive effects dom-
inate on the simulated time scales, see supplement [22]
for a study of the system size dependence.
Global equilibration characterized by slow power-law
relaxation with characteristic long-time tails is of impor-
tance for practically all physical observables in generic
quantum and classical many-particle systems as long as
a small number of conservation laws are present. Our
results have, however, shown that the experimental im-
portance of these long-time tails depend strongly on the
observable which is considered. Sometimes they are dif-
ficult to observe due to tiny prefactors. Unexpectedly,
the long-time tails turned out to be more pronounced in
the quantum regime compared to the semi-classical limit,
possibly due to the more complex interaction processes
in a many-particle quantum system.
Controlling global equilibration is a key element for
present and future high-precision experiments with ultra-
cold atoms. As loss processes often put severe limits on
achievable time scales, it is important to design experi-
mental sequences in such a way that the desired state of
matter can be reached rapidly. Speeding up global equi-
libration, e.g., by partially suppressing scattering and
therefore enhancing transport, can be an important el-
ement of such a strategy.
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6Supplementary Material to: Hydrodynamic long-time tails after a quan-
tum quench
In this supplement, we review how long time tails arise in linear hydrodynamics, we provide further information on
the numerical implementation and the finite-size dependence of the exact diagonalization. Furthermore, we investigate
to what extent the Boltzmann equation describes the semiclassical regime and discuss long time tails of an equilibrium
correlation function.
LONG-TIME TAILS IN LINEAR HYDRODYNAMICS
In this section we briefly review the origin of long-time tails after a quench in systems without momentum conserva-
tion. While all results presented in this section are well known, we have not been able to find an appropriate reference.
For simplicity we restrict the discussion to a single conserved quantity, the energy. The hydrodynamic equations can
easily be generalized to several diffusive modes by replacing the energy density e by a vector of conserved densities,
the diffusion constant by a diffusion tensor and the specific heat by a matrix of thermodynamics susceptibilities (For
the semiclassical calculation discussed in the main text energy does not couple to the other conservation laws, see
below). The qualitative results remain unmodified as long as all diffusion constants are finite, only conservation laws
even under time reversal and parity are considered and, most importantly, momentum is not conserved.
The starting point is the linearized stochastic diffusion equation in d dimensions
∂te−De∇2e = ∇f (S1)
where De is the energy diffusion constant and fi describes thermal fluctuations of the energy current. The size
of fluctuations can be determined from the condition that the equilibrium correlations of the energy are correctly
reproduced by Eq. (S1)
〈e(r)e(r′)〉eq = cV kBT 2δ(r − r′) (S2)
where cV is the the specific heat per volume. In reality, these correlations are not exactly local but as the hydrodynamic
equations describe only the behavior at long time and length scales, we can approximate the spatial correlations by
a δ function. One obtains therefore that the fluctuations of the current
〈fi(r, t)fj(r′, t′)〉 = δij2kBT 2cVDeδ(r − r′)δ(t− t′) (S3)
are proportional to both the diffusion constant and the specific heat.
For a given initial condition, e(r, 0) = e0(r), Eq. (S1) is solved for t ≥ 0 by
e(r, t) =
∫
ddr′ gDe(r − r′, t)e0(r′) +
∫ t
0
dt′
∫
ddr′ gDe(r − r′, t− t′)∇f(r′, t′) (S4)
gDe(r, t) =
1
(4piDet)d/2
exp
(
− r
2
4Det
)
(S5)
From this solution and Eq. (S3) one obtains directly the relaxation of the energy fluctuations as a function of time
〈e(r, t)e(r′, t)〉 − 〈e(r)e(r′)〉eq =
∫
ddr1d
dr2 gDe(r − r1, t)gDe(r′ − r2, t) (〈e0(r1)e0(r2)〉 − 〈e(r1)e(r2)〉eq) (S6)
This equation describes how the fluctuations of energy approach their equilibrium value. As generically the energy
fluctuations directly after a quench, 〈e0(r)e0(r′)〉, will differ from their expectation value in the long time limit, they
have to be built up slowly by diffusive transport.
Assuming sufficiently short-ranged correlations in the initial state and using that
∫
dr1gD(r− r1, t)gD(r′ − r1, t) =
g2D(r − r′, t) , one obtains from Eqs. (S5) and (S6)
〈e(r, t)e(r′, t)〉 − 〈e(r)e(r′)〉eq ∼ 1
td/2
exp
(
− (r − r
′)2
8Det
)
(S7)
After a quench, one approaches therefore the global equilibrium state only algebraically. Corrections to this formula
from non-linear contributions are discussed below. In Fig. 3 of the main text, we show that the spread of correlations
7in our semiclassical simulations indeed follows Eq. (S7), see solid line in Fig. 3c. To obtain a quantitative fit, we have
determined the diffusion constant De from heat conductivity κ using
De = κ
(
∂〈e〉eq
∂T
)−1
= κ
(
1
kBT 2
∑
i
ρi〈e2i 〉eq
)−1
(S8)
where the sum runs over the two particle species with density ρi. The thermal conductivity κ can be determined
numerically using the Kubo formula [S1]
κ =
1
LkBT 2
∞∫
0
dt〈Je(t)Je(0)〉eq (S9)
where Je is the total energy current, and L is the system size. For our semiclassical simulations we have to consider
the T →∞ limit. Note that De is finite in this limit as all factors of T cancel. Furthermore, all linear thermoelectric
effects, i.e., the coupling of the energy current to gradients of the particle density vanish in this limit (non-linear
couplings do, however, exist, see below) which justifies the use energy diffusion only in the derivation of Eq. (S7).
To estimate the importance of corrections to the linear stochastic diffusion equation, it is useful to perform a simple
scaling analysis. Eq. (S1) is invariant under the scaling transformation x→ x˜, t→ t˜, f → f˜ and e→ e˜ with
x = λx˜, t = λ2t˜, e =
1
λd/2
e˜, f =
1
λ(d+2)/2
f˜ (S10)
The analog scaling relations also apply for the density n and the fluctuations of the charge current. Examples of
possible correction terms are α∇(e∇e), α′∇(n∇e) or β∇4e. Rewriting those in the new variables, one finds that they
are suppressed for large λ, α˜ = α/λd/2, α˜′ = α/λd/2 and β˜ = β/λ2 (reflecting the scaling dimensions of e and ∇2,
respectively). The relaxation of after a quantum quench is therefore expected to be of the form
〈e(r, t)e(r′, t)〉 − 〈e(r)e(r′)〉eq ∼ 1√
t
f
(
r
λ
,
t
λ2
,
α
λd/2
,
α′
λd/2
,
β
λ2
, . . .
)
=
1√
t
f
(
r√
t
, 1,
α
td/4
,
α′
td/4
,
β
t
, . . .
)
(S11)
where f is a scaling function, the dots denote further subleading corrections, and we have set λ =
√
t in the last
equality. Using a Taylor expansion in the last three arguments for large t, one finds that corrections are suppressed
by α/td/4, α′/td/4 and β/t. In our model, the α term is absent at T =∞ due to a e→ −e symmetry. The α′ term,
however, should be present. Note that non-linearities of the form ∇e2 arising as corrections to the momentum current
in systems with momentum conservation are instead relevant perturbations in d = 1 leading to the KPZ universality
class [S2,S3]. Such a term cannot arise as a correction to the energy or charge current as it would violate inversion
symmetry. A related discussion of how subleading non-linearities affect the optical conductivity of metals without
momentum conservation has been given in Ref. S4.
FINITE SIZE EFFECTS IN EXACT DIAGONALIZATION
The exact diagonalization data for the bosonic Hubbard model, Eq. (4) of the main text, were obtained for U = J
using the ALPS code [S5]. The initial state, a perfect Mott insulator (U =∞ or J = 0), is a product state where each
site is singly occupied. This corresponds to a strong quench – the initial state is not close to an eigenstate. We use
periodic boundary conditions, and we do not include states in the Hilbert space where 3 or more bosons occupy a single
site. Therefore our results describe a modified Hubbard model with a large 3-particle term U ′
∑
i ni(ni − 1)(ni − 2).
This allows one to reach larger system sizes.
In Fig. S1 the observables of Fig. 4 from the main text are shown for different system sizes N = 10, 12, 14. While
for N = 10 the finite size fluctuations do not allow one to see how the long time average is approached, the power law
behavior can clearly be seen for N = 14. The system sizes are, however, too small for a meaningful finite size scaling
analysis.
BOLTZMANN EQUATION IN THE SEMICLASSICAL REGIME
For weak quenches, U  J , the density of of excitations, doublons and holons, induced by the quench is very low.
It is instructive to investigate their relaxation within the Boltzmann approach. This approach can describe local
equilibration but does not reproduce hydrodynamic long-time tails in homogeneous systems.
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FIG. S1. Exact diagonalization data for system sizes L = 14, 12, 10 after a quench from U = ∞ to U = 1. The solid lines are
the long-time averages obtained for each system size separately. a-c) Number of doublons per site, 〈dˆi〉 = 〈ni(ni − 1)〉/2. d-f)
Nearest neighbor doublon correlations, −〈dˆidˆi+1〉+ 〈dˆi〉2 with dˆi = ni(ni − 1)/2.
Denoting the semiclassical distribution functions of doublons and holons as ndk and n
h
k , respectively, the Boltzmann
equation takes the form
∂
∂t
ndk =
∫
dq
2pi
∫
dk′
2pi
∫
dq′
2pi
Wk,q;k′,q′δ
(
dk + 
h
q − (dk′ + hq′)
)
δU (k + q − (k′ + q′))
(
ndk′n
h
q′ − ndknhq
)
(S12)
∂
∂t
nhq =
∫
dk
2pi
∫
dk′
2pi
∫
dq′
2pi
Wk,q;k′,q′δ
(
dk + 
h
q − (dk′ + hq′)
)
δU (k + q − (k′ + q′))
(
ndk′n
h
q′ − ndknhq
)
(S13)
where δU (k) =
∑
n δ(k + n2pi) as Umklapp scattering can relax the momentum by multiples of the reciprocal lattice
vector. The transition rate for hard-core collisions in 1 dimension is exactly given by
Wk,q;k′,q′ = (2pi)
2|∂kdk − ∂qhq ||∂k′dk′ − ∂q′hq′ | (S14)
After using energy and lattice momentum conservation and performing the Fourier series expansion of the distribution
functions as
n
d/h
k =
∑
m
cos(mk) dm/hm (S15)
we find equations for the Fourier components
∂
∂t
dm = 2
∑
m′,m′′
dm′hm′′
∫
dk
2pi
∫
dq
2pi
cos(mk)|∂kdk − ∂qhq | (cos(m′kd) cos(m′′(k + q − kd))− cos(m′k) cos(m′′q))
∂
∂t
hm = 2
∑
m′,m′′
dm′hm′′
∫
dk
2pi
∫
dq
2pi
cos(mq)|∂kdk − ∂qhq | (cos(m′kd) cos(m′′(k + q − kd))− cos(m′k) cos(m′′q))
where kd(k, q) is the doublon momentum after the scattering of a doublon with momentum k and a holon with
momentum q, determined from energy and momentum conservation (modulo Umklapp scattering).
We have solved Eqs. (S12) and (S13) numerically, including all modes up to m = 8, with the initial conditions
h0(0) = d0(0) = −h2(0) = −d2(0) = ρ and hm(0) = dm(0) = 0 otherwise, to match the initial condition ndk(0) =
nhk(0) = 8 (J/U)
2 sin2 k, see Fig. 2 of the main text. The result for the even modes (the odd modes are all zero) is
compared in Fig. S2 to the simulation data. The Boltzmann equation predicts correctly the times scale of relaxation,
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FIG. S2. Relaxation of 〈cos(nk)〉, n = 2, 4, 6 for doublons (plot a-c) and holons (plot d-f). Solid line: simulation data, dashed
line: Boltzmann equation result.
see Figs. S2a and S2d. As in d = 1 there is a high probability that one particle scatters again and again with the
same scattering partner, a full quantitative agreement cannot be expected even for the first few scattering events.
For long times the Boltzmann equation predicts exponential relaxation as it does not capture thermal fluctuations
of energy and particle density but describes those only on average.
EQUILIBRIUM CORRELATION FUNCTION
Hydrodynamic long-time tails also dominate equilibrium correlation functions. In Fig. S3 we show 〈ei(t)ei(0)〉eq
obtained from a semiclassical simulation in equilibrium at T = ∞ where initially all doublons and holons have a
k-independent momentum distribution ndk = n
h
k = constant and are uncorrelated in space. We assume the same
density of doublons and holons. As for the quenches studied in the main text, it is difficult to extract reliably the
long-time asymptotics due to large subleading correction which vanish only slowly. The numerical data is equally well
described by a power-law fit with exponent 0.59 and a fit to c1t
−1/2 + c2t−3/4 expected from hydrodynamics.
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FIG. S3. Correlation function 〈ei(t)ei(0)〉eq calculated in thermal equilibrium together with two fits to this function, see
legend, which equally well describe the numerical result.
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